Let Λ be a finite dimensional algebra over an algebraically closed field k. We will investigate homological properties of piecewise hereditary algebras Λ. In particular we give lower and upper bounds of the strong global dimension, show the behavior of the strong global dimension under one point extensions and tilting.
(1) Hom D b (Λ) (T • , T • [n]) = 0 for all n = 0, and (2) add(T • ), the additive category of direct summands of finite direct sums of copies of T • , generates the homotopy category of bounded complexes of projective Λ-modules K b ( Λ P) as a triangulated category.
Then it follows from [Ri] [r] . Note that such normalized equivalences are not unique, and that the value of r may depend on the choice of H. These normalized equivalences will be investigated in more detail in Section 2. For 0 i r we denote by U i the full subcategory of mod Λ with objects the indecomposable Λ-modules X such that F (X) ∈ H [i] . So by definition we have that U 0 = ∅ = U r . Usually we will assume that the algebra Λ is connected. It then follows that also U i = ∅ for each 1 i r − 1. The additive closure of U i in mod Λ is denoted by U i . The subcategories U i are called the F -pieces of mod Λ, and by abuse of language, we say that Λ has r + 1 pieces. The integer r depends of course, on the choice of F . We refer to an extreme example in [H3] where it is shown that even a hereditary algebra may have three pieces. Let V i ⊂ H be the subcategory such that F induces an equivalence U i → V i [i] . We denote again by V i the additive closure of V i in H.
The paper is organized as follows. In the first section, we briefly recall some notation and elementary facts about derived categories and strong global dimension of a finite dimensional algebra which will be used in the later sections.
In Section 2 we will recall some homological properties of piecewise hereditary algebras. We will also show that we may choose for a given piecewise hereditary algebra Λ a normalized equivalence F yielding pieces U i for 0 i r such that U r does not contain an indecomposable projective Λ-module, unless we are in the trivial case, that Λ is a finite dimensional hereditary algebra. This gives an upper bound, namely that s.gl.dim Λ r + 1, improving the one obtained in [HZ] . We include an example that this bound is optimal. We will also obtain some lower bounds, which are not optimal, and also show more specific assertions on the structure of indecomposable complexes of maximal length. In Section 3 we investigate the behavior of the strong global dimension under one point extensions. A piecewise hereditary algebra Λ is directed, so can be written as a one point extension algebra Γ [M] . We will show that there is always a presentation of Λ = Γ [M], where s.gl.dim Γ s.gl.dim Λ − 2. Again we will provide examples that this bound is optimal.
Section 4 studies the possible change of the strong global dimension under the tilting process. We will show there that for a piecewise hereditary algebra Λ and a tilting module Λ T with proj.dim Λ T = t and Γ = End Λ T we have the double inequality s.gl.dim Λ − t s.gl.dim Γ s.gl.dim Λ + t. As one of the main results of this article we will show in Section 5 that the pieces U i of a piecewise hereditary algebra Λ have Auslander-Reiten sequences in the sense of [AS] . This follows from the fact that the subcategories V i are functorially finite in H. For an explicit description of the subcategories V i in terms of the tilting complex realizing Λ we refer to Section 5. We denote the composition of morphisms f : X → Y and g : Y → Z in a given category K by f g.
The notation and terminology introduced here will be fixed throughout this article. For unexplained representation-theoretic and derived category terminology, we refer to [ARS, H1, R] .
Preliminaries
In this section we briefly recall some of the notation we will use for derived categories and state some useful facts involving triangles in triangulated categories involving nonzero and noninvertible maps between indecomposable objects.
First we recall the definition of the strong global dimension of a finite dimensional algebra Λ. We define first the length of a complex. For this let a be an additive k-category which is KrullSchmidt (see [R] ). Let C b (a) be the category of bounded complexes over a. This is a Frobenius category in the sense of [H1] . Recall that the indecomposable projective objects in C b (a) are given by shifts of complexes of the form If Λ is a finite dimensional algebra, we denote by Λ P the full subcategory of mod Λ consisting of the finitely generated projective Λ-modules. Then, we define the strong global dimension of Λ by
The following characterization of piecewise hereditary algebras was proved in [HZ] . 
We will also need the following simple fact, whose proof is left to the reader. For this it is helpful to recall that for an algebra of finite global dimension the embedding K 
For the rest of this section we denote by C a Krull-Schmidt triangulated k-category, with the property that for all X, Y ∈ C the dimension of Hom
The object C f is uniquely determined up to isomorphism and is called the cone of f . The following two results will be needed later. The first is contained in [H1] and the second, which is very useful in constructing indecomposable complexes from given ones, is from [HZ] . 
As an application of 1.5 we show that if Λ is a finite dimensional algebra with s.gl 
Proof.
Assume that e 0 is not injective. Let X 0 = Ker e 0 . Let P be an indecomposable projective Λ-module and 0 = f : P → X 0 . Then f induces a nonzero morphism f : 
is an example of a piecewise hereditary algebra of global dimension 3 and strong global dimension 4, such that there do not exist indecomposable complexes
Example 1.7. Consider the following quiver 
Normalized equivalences
In this section we investigate in more detail normalized equivalences for piecewise hereditary algebras. We refer to the introduction for the definition, but first we want to recall some homological properties from [H1] . We point out that the proofs given there in the case that H = mod H for a finite dimensional hereditary algebra H also apply to the more general situation considered here. We will also give a bound of the strong global dimension of a piecewise hereditary algebra which improves the bound given in [HZ] . We start by collecting some homological properties from [H1] . Note that we will give some alternative proofs for some of the assertions at the end of this section. We recall first the definition of a cycle. We say that a sequence 
for some i which is closed under extensions and direct summands and contains a cycle, then C contains an indecomposable module X such that End
a factor module V ∈ U i with the property that Ext
In this case U i contains infinitely many pairwise nonisomorphic indecomposable Λ-modules.
Remark 2.2. Let
− → be the linearly oriented quiver of type A 12 and let I be the two sided ideal of k − → generated by all paths of length three. Let Λ = k − → /I. It is easy to check that mod Λ admits a decomposition in pieces such that all the conditions of 2.1 hold. But Λ is not piecewise hereditary as shown in [HS] .
We point out the following trivial consequence of 2.1(ii). 
The derived categories of the hereditary, abelian categories occurring in our situation thus inherit an Auslander-Reiten translation via the triangle equivalence 
Proof. By the previous remark we have in D 
with pieces U i for 0 i r, such that U r does not contain any indecomposable projective Λ-module.
Proof. We know that there exists a hereditary, abelian category H and a normalized equivalence 
The resulting normalized equivalence yields pieces U i for 0 i r such that U r contains no indecomposable projective Λ-module. We turn to the case where T 0 contains an indecomposable projective direct summand. We may change the orientation of the underlying quiver of H to obtain a heredi- Proof. Using the above proposition and the proof given in [HZ] , one can easily show that s.gl.dim Λ r + 1. 2 Example 2.7. We point out that the bound given in 2.6 is optimal. Consider a linearly oriented quiver In the following proposition we give a criterion for the global dimension to be as large as possible. 
where the 4th isomorphism follows from 2. 
shows that the mapping cone C f is indecomposable by 1.5. The assertion follows,
Remark 2.11. Let Λ be the piecewise hereditary algebra given in the example following 2.6. The lower bound determined in 2.10 yields 3, but s.gl.dim Λ = n − 1, so the lower bound is far from being optimal. We believe that an optimal lower bound should be r − 1, if r + 1 is number of pieces of the piecewise hereditary algebra Λ.
The following immediate corollary generalizes a result previously obtained for d = 2 in [HZ] .
Corollary 2.12. Let Λ be a piecewise hereditary algebra such that
In the remainder of this section, we will show that the indecomposable complexes in K b ( Λ P) for a piecewise hereditary algebra Λ are quite restricted. In fact, this will yield a different homological characterization of piecewise hereditary algebras. Proposition 2.13. The following statements are equivalent for a finite dimensional algebra Λ. 
Proof. It is immediate that (ii) implies (i). Applying the shift functor if necessary we may assume that
P s = 0 for s > 0. Let F : D b (Λ) → D b (H)
(F (P • ), F (S)[−i]) is also nonzero. Since F (S) ∈ H[t] for some 0 t r, F (S)[−i] ∈ H[t − i], we obtain that F (P
Since f is split mono we have by 1.4 that h = 0, henceh = 0 too. Again using 1. The following example illustrates that the bound given in 3.3 is optimal.
Example 3.4. Let H be a wild hereditary algebra and let M be an indecomposable H -module such that the one point extension Λ = H[M] is quasitilted [HRS1] . For example one may think of the canonical algebras of Ringel [R] . It is shown in [KL] (see also [L] ), that there exists an i > 0 such that the algebra
is piecewise hereditary and not quasitilted. So s.gl.dim Λ i > 2, see [HZ] . By 3.3 we obtain s.gl.dim Λ i = 3, and clearly s.gl.dim H = 1, so the bound given in 3.3 is optimal.
Behavior under tilting
In this section we investigate the behavior of the strong global dimension under tilting. Recall that if Λ is a finite dimensional algebra, then a finitely generated left module T is a tilting module, if and (iii) there is an exact sequence of left Λ-modules
with T i ∈ add T for all i 0, where add T denotes the full subcategory of mod Λ containing the direct sums of direct summands of T .
Let Γ = End Λ T . There is a nice relationship between the global dimensions of Λ and of Γ , namely
see [H1] . We prove in this section that a similar relationship exists between the strong global dimensions of Λ and Γ . It is clear that Λ is piecewise hereditary if and only if Γ is piecewise hereditary, since Γ and Λ are derived equivalent. Thus using 1.1, we have that s.gl.dim Λ < ∞ if and only if s.gl.dim Γ < ∞. So we may assume that s.gl.dim Λ < ∞ to investigate the possible change under tilting. We start with a preliminary lemma whose proof is straightforward, but we include it for the convenience of the reader.
Lemma 4.1. Let Λ be a finite dimensional algebra and let Λ T be a tilting module with proj.dim T = t. 2 . Consequently, we obtain the following commutative diagram of triangles, the existence of the morphism η follows from the axioms of a triangulated category.
and a quasi isomorphism P
• → T • . (ii) If P • ∈ K b ( Λ P) is a complex with length (P • ) = s, then there exists a complex T • ∈ K b (add T ) with (T • ) s + t,
• → T • .
Proof. We first show (i). Let
with length (C δ ) s + t, and η is also a quasi isomorphism.
The second assertion follows similarly using the coresolution of Λ Λ in add T given in part (iii) of the definition of a tilting module. 2 Theorem 4.2. Let Λ be a piecewise hereditary algebra and let T be a tilting module Λ-module with
Proof. It suffices to show the right-hand side inequality, since the other inequality follows by tilting symmetry. By tilting theory we have a triangle equivalence K 
We say that the torsion pair (T (T ), F (T )) splits, if for each indecomposable Λ-module
It is easy to construct examples of piecewise hereditary algebras Λ such that gl.dim Λ = d > 1, and also such that there is no tilting module T of projective dimension equal to 1, and such that the associated torsion pair (T (T ), F (T )) on mod Λ splits and gl.dim, End Λ T < d. A concrete example is provided by the algebra considered in 2.8. But we do not know such an example if we look instead at the strong global dimension.
Functorial finiteness
Let Λ be a piecewise hereditary algebra. We show in this section that the pieces of mod Λ have Auslander-Reiten sequences. Note that this trivially holds by 2.3 in the case of one piece. So we will assume for the rest of this section that the number of pieces of mod Λ is at least two. We have shown in 2.5 that there is a hereditary, abelian category H and a normalized equivalence F :
is a tilting complex.
We recall the definition of the right orthogonal category in the sense of [GL] (see also [H4] 
For each 0 t r we denote by V t the following subcategory of H:
The following well-known lemma, compare for example [S] , gives a more explicit description of the pieces of mod Λ and of homological properties of T • .
Lemma 5.1. Let Λ be a piecewise hereditary algebra given by a tilting complex T • and a normalized equivalence F as above. Then:
(ii) The restriction of F to U t induces an equivalence between U t and V t [t] .
We refer to [AS] for the notion of functorially finiteness of a subcategory and Auslander-Reiten sequences in subcategories. To show the functorial finiteness of the subcategories V t ⊂ H, we begin with the following assertion. Proof. (i) To prove the functorial finiteness of T (X), we start by showing that T (X) is covariantly finite in H. For this let Z ∈ H, and not in T (X). Consider the universal extension (see for example [B] )
with X ∈ add X . We infer from the construction, that the connecting homomorphism Hom( X, X) →
We show now that T (X) is contravariantly finite. Let Z ∈ H, and consider the minimal left add τ Xapproximation β Z : Z → τ X of Z , and let
(ii) We prove now that F (X) is covariantly finite. For this let Z ∈ H. Let γ Z : X → Z be a minimal right add X -approximation of Z , and let F Z = Coker γ Z . So F Z ∈ F (X) and we obtain a short exact
Let Z ∈ F (X) and f : Z → Z . Since im γ Z is generated by the module X , we have Hom(im γ Z , Z ) = 0. This implies the existence of a map g : F Z → Z such that f = π Z g, and thus F (X) is covariantly finite.
To show that F (X) is contravariantly finite, let Z ∈ H, and write X = P ⊕ X where P is projective, and X has no indecomposable projective direct summands. If P = 0 this implies, since H is connected, that H = mod H for a finite dimensional hereditary algebra H by [H3] . Let I = D Hom H (P , H) , so I is an injective H -module. First we consider a minimal left add I -approximation β Z : Z →Ĩ of Z . Set E Z = Ker β Z and denote the inclusion E Z to Z by μ Z . By construction we have that
). This implies that if we have a map f : Z → Z , then there is g : Z → E Z such that f = gμ Z . Therefore, if
with τ X ∈ add τ X . We claim that F Z ∈ F (X). To see this, note first that Hom( X , F Z ) = 0, since by construction we have Ext
also by the Auslander-Reiten formula Hom(P , τ X ) = 0. Applying Hom(P , −) to the above universal extension yields Hom(P ,
Let Z ∈ F (X) and f : Z → Z . We already know that there is g :
Hence the homomorphism δ : F Z → Z is a right F (X)-approximation of Z . It remains to look at the case when X has no projective summands. Let Z ∈ H such that Hom( X, Z ) = 0. Then Ext 1 (Z , τ X) = 0 so we may consider the universal extension
By construction, F Z ∈ F (X), and it is easy to show that the map F Z Proof. Let 0 t r and consider V t ⊂ H. We will use the description of V t given in 5.1, which can be rewritten as follows:
F (T i ).
We start by showing that V t is covariantly finite in H. For Example 5.4. We point out that the pieces of a piecewise hereditary algebra need not be functorially finite in mod Λ, as the following example shows. Let H = coh P 1 (k) be the category of coherent sheaves on the projective line. Denote by O the structure sheaf. Then O ⊕ O(1) is a tilting object in H, and its endomorphism algebra Λ is the path algebra of the Kronecker quiver. Thus that mod Λ has two pieces U 0 and U 1 . Now U 0 consists of the indecomposable preprojective and indecomposable regular Λ-modules and U 1 consists of the indecomposable preinjective Λ-modules. However, it follows from [CH] , or via a direct calculation that neither U 0 is contravariantly finite in mod Λ, nor U 1 is covariantly finite in mod Λ.
We end the paper with the following corollary:
Corollary 5.5. Let Λ be a piecewise hereditary algebra with pieces U t for 0 t r. Then, for each 0 t r, U t has Auslander-Reiten sequences.
Proof. By 5.3 we have that the subcategories V t are functorially finite for all integers 0 t r. Thus they all have Auslander-Reiten sequences by [AS] . Since each U t is equivalent to V t [t], we infer that each U t has Auslander-Reiten sequences. 2
